We propose a scheme to modulate the entanglement between two oscillators separated in space via the squeezing cavity field generated by the optical parametric amplifier instead of injecting the squeezing field directly with the assistance of Coulomb interaction. We show that the Coulomb interaction between the oscillators is the essential reason for the existence of entanglement. Due to the gain of the optical parametric amplifier and the phase of the pump driving the optical parametric amplifier can simultaneously modulate the squeezing cavity field, the radiation pressure interaction between the cavity field and the oscillator is modulated accordingly. We find that there is competing effect between the radiation pressure interaction and the Coulomb interaction for the oscillator which these two interactions act on simultaneously. Therefore, the modulation of entanglement can be achieved with the assistance of Coulomb interaction. The results of numerical simulation show that the present scheme has stronger robustness against the temperature of environment compared with previous schemes in experimentally feasible regimes.
I. INTRODUCTION
Quantum entanglement [1, 2] , as a cornerstone of quantum physics, plays a significant role in the foundation of quantum theory and also has potential applications in quantum technology, such as quantum information science [3] and quantum metrology [4] . So far, one has had a fairly good understanding of how to generate entanglement among microscopic * E-mail: hfwang@ybu.edu.cn entities and entanglement has been successfully prepared and manipulated in variously microscopic systems theoretically and experimentally, such as atoms [5] [6] [7] [8] [9] , photons [10] [11] [12] , ions [13] [14] [15] , Bose-Einstein condensates [16] , and so on. However, nothing in the principles of quantum mechanics prevents macroscopic systems from attaining entanglement.
Recently, there has been considerable interest in investigating entanglement in mesoscopic and even macroscopic systems [17] [18] [19] [20] [21] [22] [23] [24] . This is due to the fact that such entanglement might provide explicit evidence for quantum phenomena [25] and even might possibly help us to clarify the quantum-to-classical transition, as well as the boundary between classical and quantum worlds [26] . Since mechanical oscillators resemble a prototype of classical systems, they are beginning to be important candidates for the investigation of quantum features at mesoscopic and macroscopic scales. Additionally, with the rapid progress of practical technologies in cavity optomechanics, the mechanical oscillators can be cooled down close to the quantum ground state [27] [28] [29] . Thus they provide a nature platform to explore quantum entanglement in macroscopic systems.
In recent years, based on the optomechanical systems, some schemes have been brought forward to generate entanglement between macroscopic oscillators from many different angles of view: such as entangling two oscillators in a ring cavity [17, 18] , entangling two distantly separated oscillators by utilizing the entangled light fields [19] , entangling two oscillators via a double-cavity set-up by driving squeezing optical fields [20] , entangling a Fabry-Pérot cavity's two moving mirrors by driving an intense classical laser field [21] , entangling two dielectric membranes suspended inside a Fabry-Pérot cavity [22] , entangling two macroscopic mechanical resonators induced by the radiation pressure of a single photon in a two-cavity optomechanical system [23] , and entangling two movable mirrors in an optomechanical cavity in which a Kerr-down-conversion crystal consisting of a Kerr nonlinear medium and an optical parametric amplifier (OPA) is placed [24] . In these schemes, however, the previous works [18, 20] have verified that the injection of the squeezed field is the necessary condition to generate the desired entanglement. Huang and Agarwal [18] proposed a scheme to entangle two separated mechanical oscillators by injecting broad band squeezed vacuum light and laser light into the ring cavity. This scheme showed that the entanglement can be modulated via the squeezing parameter of the input light. In the case of no injection of the squeezed vacuum light, which means that the squeezed vacuum light is replaced by the ordinary vacuum light, there is always no entanglement between the sep-arated oscillators. However, once the incident vacuum light is squeezed, the entanglement exists. Pinard et al. [20] also proposed a scheme to generate a stationary entangled state of two movable mirrors if and only if the incident fields are squeezed. In Ref. [24] , even though the entanglement between two mechanical oscillators in an optomechanical cavity can be generated when the injected field is not squeezed, the region of entanglement is discrete and very narrow, so which inevitably brings difficulties to achieve the entanglement in experiment. However, when the injected field is adjusted to the squeezed field, the region of entanglement is continuous and greatly enlarged. In essence, the OPA inside the optomechanical cavity can produce various novel effects including improvement of the cooling of the micromechanical mirror [30] , affection of the normal-mode splitting behavior of the coupled movable mirror and the cavity field [31] , achievement of strong mechanical squeezing [32] , and enhancement of the precision of optomechanical position detection [33] . The nonlinear interaction processes between light and OPA have been demonstrated as important sources of squeezed state of the radiation field [34, 35] . Agarwal and Huang [32] have had the OPA placed inside the optomechanical cavity so that the squeezing cavity field is generated inside the cavity. Via driving the system by the red-detuned laser in the resolved side band limit makes the optomechanical interaction between the movable mirror and the cavity field like a beam-splitter interaction, the state of squeezed photons transfers to phonons with almost 100% efficiency, the strong mechanical squeezing is thus achieved. Here we propose a scheme to modulate the entanglement between two oscillators separated in space via the squeezing cavity field generated by the OPA instead of directly injecting the squeezing field with the assistance of Coulomb interaction. We show that the Coulomb interaction between the oscillators is the essential reason for the existence of entanglement and there is competing effect between the radiation pressure interaction and the Coulomb interaction for the oscillator which these two interactions act on simultaneously. According to Ref. [32] , the gain of the OPA and the phase of the pump driving the OPA can simultaneously modulate the squeezing cavity field, so the radiation pressure interaction between the cavity field and the oscillator is modulated accordingly. In this way the modulation of the entanglement between the oscillators separated in space is achieved. In addition, we numerically simulate the critical temperature of such entanglement in experimentally feasible regimes. The results show that the laser driving power and the gain of the OPA can improve the critical temperature. Compared with previous schemes [18, 24] , our scheme has stronger robustness against the temperature of environment.
The paper is organized as follows. In Sec. II, we establish the model and present the equations of motion of the system. In Sec. III, we give the steady-state mean values, linearize the quantum Langevin equations, and introduce the logarithmic negativity to quantify the entanglement between the oscillators. In Sec. IV, we numerically simulate the logarithmic negativity and show the modulation of entanglement. Finally we make a conclusion to summarize our results in Sec. V.
II. MODEL AND EQUATIONS OF MOTION
The system considered consists of a Fabry-Pérot cavity containing one fixed partially transmitting mirror A and one movable totally reflecting mirror B 1 in contact with a thermal bath in equilibrium at temperature T, a charged oscillator B 2 , and an OPA which is embedded into the cavity, as schematically shown in Fig. 1 . The movable mirror B 1 can move along the cavity axis and is treated as a mechanical harmonic oscillator with effective mass m, frequency ω m 1 , and energy decay rate γ m 1 and is charged by the bias gate voltage U 1 . The cavity mode couples to the mechanical oscillator B 1 via radiation pressure caused by the intracavity photons exerting on the movable mirror, while B 1 and B 2 are coupled by the Coulomb force [36] [37] [38] [39] . The cavity is coherently driven by an external laser with frequency ω L and amplitude E from left side. The Hamiltonian of the system is given by
where the first term is the free Hamiltonian for the cavity field with resonance frequency ω c and annihilation (creation) operator c (c † ). The second and third terms describe the vibration of the mechanical oscillators B 1 and B 2 , respectively, and position operator q j and momentum operator p j satisfy the commutation relation [q j , p j ] = i (j = 1, 2). The fourth term is the pumping interaction between the cavity field and external deriving laser with E = 2κP/ ω L , where P is the power of the driving laser and κ is the cavity decay rate.
The fifth term describes the optomechanical interaction between the cavity field and the mechanical oscillator B 1 with the optomechanical coupling strength where L is the separation between the mirror A and oscillator B 1 in the absence of radiation pressure and Coulomb interactions. The sixth term represents the coupling between the OPA and the cavity field, where C g is the nonlinear gain of the OPA and θ is the phase of the pump driving the OPA. The last term represents the Coulomb interaction of the two charged mechanical oscillators B 1 and B 2 . k e denotes the electrostatic constant.
is the charge carried by the electrode on oscillator B j , where C j is the capacitance of the bias gate on B j . d 0 is the equilibrium separation between B 1 and B 2 in the absence of optomechanical and Coulomb interactions and q j represents the small deviation of B j from its equilibrium position due to the optomechanical and Coulomb interactions.
Since the mechanical deviation q j is comparatively small compared to the equilibrium separation d 0 , i.e., q j ≪ d 0 , the term of Coulomb interaction can be expanded to second-order of (q 1 − q 2 )/d 0 as follows
where the linear term can be neglected via redefining the equilibrium positions of mechanical oscillators and the quadratic term includes a renormalization of the mechanical frequencies for both B 1 and B 2 , whose effect is just a small frequency shift related to original frequencies, so it can be also neglected. Through further discarding the constant term, the Coulomb interaction can be reduced to the simpler form
where 36, [38] [39] [40] . In the interaction picture with respect to ω L c † c, the system Hamiltonian can be rewritten as
A proper analysis of the system must consider the photon losses from the cavity and the Brownian noise from the environment. This can be accomplished via the dynamics of the system governed by Eq. (4) using quantum Langevin equatioṅ
where γ m2 is the damping rate for the oscillator B 2 . c in is the input vacuum noise operator with zero mean value and nonzero correlation function c in (t)c † [19, 41, 42] .
The quantum Brownian noise ξ 1 (ξ 2 ) arises from the coupling between B 1 (B 2 ) and its environment with zero mean value and correlation function [43] 
where k B is the Boltzmann constant and T is the temperature of the environment in contact with the oscillators. However, quantum effects are revealed just for the oscillators with a large quality factor, i.e., Q ≫ 1. In this limit, Eq. (6) can be further simplified to delta-
is the mean thermal excitation number. In the following we discuss the oscillator-oscillator entanglement in the regime where the system is stable.
III. THE OSCILLATOR-OSCILLATOR STEADY STATE ENTANGLEMENT
The stability of the steady state of the system is determined by a linearized analysis for small perturbation around the steady state [35] . We now first linearize the dynamics of the system. The nonlinear quantum Langevin equations can be linearized via rewriting each Hersenberg operator as its steady state mean-value plus an additional fluctuation operator with zero-mean value, i.e., q j = q js + δq j , p j = p js + δp j , and c = c j + δc [44] . After inserting these expressions into the Langevin equations of Eq. (5), we can obtain a set of nonlinear algebraic equations for the steady state values and a set of quantum Langevin equations for the fluctuation operators [45] . Through setting all the time derivatives in algebra equations for the steady state value to zero, the steady state mean values of system are given by
, p 2s = 0,
where In order to analyze the oscillator-oscillator steady state entanglement, we need to find out the fluctuations in the oscillators' amplitudes. So we are interested in the dynamics of small fluctuations around the steady state of the system. For generating the entanglement, generally, the cavity is intensively driven with a very large input power P, which means that at the steady state, the intracavity field has a large amplitude, i.e., |c s | ≫ 1. In this strong driving limit, we can ignore some small quantities and get the linearized Langevin equations
If we choose the phase reference of the cavity field so that c s is real and introduce the amplitude and phase fluctuations of the cavity field as δX = (δc + δc † )/ √ 2 and δY = (δc − δc † )/ √ 2i, and the position and momentum fluctuations of the thermal noise as (9) can be written as the matrix forṁ
where f (t) is the column vector of the fluctuations and η(t) is the column vector of the noise sources. Their transposes are
and the matrix M is given by
where expressions are considerable tedious, we don't report them here. However, we will satisfy the stability conditions of the system in the following analysis.
The solution of the first-order linear inhomogeneous differential Eq.(10) can be solved as following form
where the matrix u(t) = exp(Mt) and the initial condition u(0) = I (I is the identity matrix).
An important type of continuous variable quantum states is the Gaussian states, which play a significant role in the foundation of quantum theory and also have potential applications in their relevant experiment [48] . The linearized effective Hamiltonian which corresponds to the linearized Langevin Eq. (9) ensures that when the system is stable, it always reaches a Gaussian state whose information-related properties, such as entanglement and entropy, can be completely described by the symmetric 6 × 6 covariance matrix V [48, 49] with components defined as
From Eqs. (10) and (14), we can derive a linear differential equation for the covariance
where D is a diffusion matrix whose components are associated with the noise correlation function Eq. (7)
It is easy to obtain that D is diagonal D = diag[0, γ m1 (2n + 1), 0, γ m2 (2n + 1), κ, κ]. From the point of view of describing the dynamics of the system Gaussian states, Eq. (15) is equivalent to the quantum Langevin equations Eq. (9) but is more convenient for studying entanglement evolution.
The reduced 4×4 covariance matrix V for the mechanical oscillators B 1 and B 2 of interest here can be extracted from the full 6 × 6 covariance matrix V . If the reduced covariance matrix V is written as the block form
where Φ k (k = 1, 2, 3) are 2 × 2 block matrices, then the entanglement of the two separated mechanical oscillators B 1 and B 2 quantified by the logarithmic negativity can be readily calculated [50] [51] [52] 
where
Therefore, a Gaussian state is entangled if and only if ̺ < 1/2, which is equivalent to Simon's necessary and sufficient entanglement nonpositive partial transpose criterion for Gaussian states [53] .
IV. THE MODULATION OF OSCILLATOR-OSCILLATOR STEADY STATE ENTANGLEMENT UNDER THE ACTION OF THE OPA
In this section, we numerically evaluate the logarithmic negativity E N between the two separated oscillators B 1 and B 2 to show the modulation of entanglement under the action In the previous schemes, Ref. [18] proposed a scheme for entangling two separated oscillators by injecting squeezed vacuum light and laser light into the ring cavity. The entanglement between the oscillators can be modulated via the squeezing parameter of the input light.
When the squeezed vacuum light is replaced by an ordinary vacuum light, i.e., the squeezing parameter of the input light is 0, there is no entanglement between the oscillators. However, on squeezing the injected vacuum light, the entanglement between the oscillators is emerged.
When the squeezing parameter of the input light r ∈ (0, 1), the entanglement becomes more and more stronger with the increase of r, while r ∈ (1, 2), the entanglement becomes more Hz (olive pentagon line), and C g = 12 × 10 7 Hz (wine triangle line) is shown in Fig. 3 . From   Fig. 3 , we can find that the entanglement between the oscillators becomes more and more weaker and the entanglement region becomes more and more narrower with the increase of the gain of the OPA C g compared with the case of in the absence of OPA (C g = 0).
Additionally, the position of the maximal entanglement moves to right with the increase of gain C g due to the fact that the injection of OPA strengths the steady intracavity field and in turn changes the effective deduning ∆. This is very similar to such the case of the weaker Coulomb coupling strength in the absence of OPA. It is due to the fact that the squeezed photons generated by the OPA inside the optomechanical cavity lead to a stronger radiation pressure acting on the oscillator B 1 and there exists the competing effect between the radiation pressure interaction and the Coulomb interaction acting on the oscillator B 1 .
We next examine the effect of the phase of the pump driving the OPA θ on the entan- Fig. 4 . It can be clearly seen that the entanglement between the oscillators becomes more and more stronger with the increase of the phase θ when ∆ < ω m for the fixed gain C g of the OPA. This is due to the fact that the degree of the squeezing of the squeezed photons generated by the OPA becomes more and more smaller with the increase of the phase θ for the fixed gain C g and the Coulomb interaction becomes the dominant factor compared with the radiation pressure interaction for the oscillator B 1 . We can also find that when ∆ = ω m , all curves are intersected in one point. This can be interpreted as driving the system by the red-detuned laser ∆ = ω m in the resolved sideband limit makes the optomechanical interaction between the cavity field and the oscillator B 1 like a beam-splitter interaction. In such case, the competing effect between It can be concluded that for the fixed gain C g of the OPA, as the temperature of the environment increases, the amount of entanglement monotonically decreases due to the thermal fluctuation which is as expected. The higher the temperature of the environment becomes, the stronger the thermal noise is. Then the entanglement between two oscillators is submerged by the strong thermal noise. The critical temperature of the entanglement is improved with the increase of the laser driving power for the fixed gain C g of the OPA and the numerical simulation results indicate that the robustness is obviously increased compared with previous schemes [18, 24] . While for the fixed laser driving power, the critical temperature of the entanglement is higher with respect to the larger gain C g of the OPA.
More importantly, it has been verified that the OPA inside a cavity can considerably improve the cooling of the oscillator by radiation pressure [30] . So the OPA not only can improve the robustness of the entanglement, but also can cool the oscillator to its quantum ground state, which is very significant from the experimental point. Additionally, the relevant experimental investigation in such temperature requirement can be explored in the circuit cavity electromechanics [56] , which is easily cooled to temperatures below 100 mK.
Methods for detection of entanglement have been discussed in [17, 20] and the entanglement properties between the oscillators can be verified by experimentally measuring the corresponding covariance matrix. It can be achieved by combining existing experimental techniques. The mechanical position and momentum can be measured with the setup proposed in [41] , in which via adjusting the detuning and bandwidth of an additional adjacent cavity, both position and momentum of the oscillator can be measured by homodyning the output of the second cavity.
V. CONCLUSIONS
In conclusion, we have shown that the modulation of entanglement between oscillators separated in space can be achieved via the squeezing cavity field generated by the OPA instead of directly injecting the squeezing field with the assistance of Coulomb interaction.
We showed that the Coulomb interaction between the oscillators is the essential reason for the existence of entanglement. Through modulating the squeezing cavity field by the gain of OPA and the phase of the pump driving the OPA, the radiation pressure interaction between the cavity field and the oscillator obtains modulation accordingly. With the assistance of Coulomb interaction, we showed that under the action of competing effect between the radiation pressure interaction and Coulomb interaction, the entanglement between the oscillators can be modulated successfully. Moreover, in experimentally feasible regimes, the results of numerical simulation showed that the present scheme has stronger robustness against the temperature of environment compared with previous schemes.
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